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1 Introduction
If D is a division algebra of degree n, i.e. dimension n2 over its center k, then it
contains maximal commutative subfields which are separable extensions of k of
dimension n. If there is such a maximal subfield, K, which is a Galois extension
of k we say that D is a crossed product. The Skolem-Noether theorem says that
every element of the Galois group G = G(K/k) can be extended to an inner
automorphism of D. The Galois group becomes a kind of ”Weyl group” in the
sense that it is ND∗(K
∗)/K∗, where NB(A) denotes the normalizer of A in B.
The group extension
1→ K∗ → ND∗(K
∗)→ G(K/k)→ 1
determines a class in H2(G,K∗) and it also determines D and its Brauer class
[D] in Br(K/k), the subgroup of Br(k) of the elements split by K.
A crossed product in which the Galois group is cyclic is called a cyclic al-
gebra. Following Hamilton’s quaternions the first division algebras were cyclic
algebras. Remarkably it turned out, proved by Merkurjev and Suslin [7], that
in the presence of roots of unity cyclic algebras generate the Brauer group of a
field. Still the question was asked: is every division algebra a crossed product?
In other words, does every division algebra contain a maximal subfield which is
a Galois extension of the center? The first to construct division algebras that
are not crossed products was Amitsur [1] who showed that his generic matrix
algebras of degree n are not crossed products when n is divisible by the square
of an odd prime or by 8. There have been other constructions since but none of
non-cyclic algebras of prime degree. Here this is done, by a completely differ-
ent method. The existing examples of non-crossed products are all of explicitly
constructed algebras, and the proof that they are not crossed product requires
work. In this paper the algebras that are not cyclic are subalgebras, over the
same center, of certain crossed products. These algebras are known to exist but
no explicit description for them seems to be known. Yet to prove that they are
not cyclic, or crossed products, is elementary.
The subalgebras we are talking about are the primary components of divi-
sion algebras that are crossed products of groups that have few, or hardly any,
homomorphic images such as simple non-cyclic groups or full symmetric groups.
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Given a finite group G of order n, the existence of division algebra crossed
products of degree n with Galois group G, in any characteristic and free of any
assumption on roots of unity, appears as the ”generic” crossed products that
were constructed many years ago in [9]. In fact, if m divides n and they have
the same radical, i.e. the same set of prime divisors, then a division algebra
crossed product with group G, of degree n and order m in the Brauer group of
its center, is constructed there. In this paper the order of the division algebras
will not play a part, but it is perhaps noteworthy that for smaller m centers of
larger dimension are required.
In [9] the building materials for constructing a generic G crossed product
are taken from a free presentation of G:
1→ R→ F → G→ 1,
the main building block being the relation module Rab := R/[R,R]. It seems
that relation modules of finite groups were of interest from the early days of
the cohomology of groups. See the original paper of Eilenberg and Maclane [2]
where relation modules occupy center stage.
The presentation gives rise to an extension F/[R,R]→ G→ 1 whose kernel,
the relation module Rab, is a free Abelian group and a G lattice. The group
F/[R,R] is always torsion free and its group ring, over a base field ℓ, is a Noethe-
rian domain whose classical ring of fractions is a finite dimensional division ring.
This division ring is what we call a generic crossed product with group G. The
action of G on A = Rab is faithful (assuming R is not cyclic) and induces an
action on the field ℓ(A), the field of fractions of the group ring ℓA. Thus the
center of this division algebra is the fixed field ℓ(A)G.
In this paper we show that non-crossed products, and even non-cyclic al-
gebras of prime degree, can hide in plain sight as primary components of such
generic crossed products. Primary components of crossed products, in particu-
lar crossed products that arise from localising ”prime” group rings (defined in
§3) of virtually free abelian groups, are discussed in §3. Though these primary
components are perhaps mysterious they do have one very important property.
Suppose your division algebra, D, is a crossed product of the Galois extension
K/k whose Galois group is G, P is a p-Sylow subgroup of G and D(p) is the p
primary component of D. This primary component is a division algebra with
center k of degree |P |. It exists in some, possibly high, power of D, but we don’t
see it. However its ”restriction” to P , one manifestation of which takes the class
of D(p), in Br(k), to the class of KP ⊗k D(p) in Br(K
P ), is the class of the
division algebra crossed product of K/KP and P , with factor set the restriction
to P of the factor set utilized to obtain D.
It is this property that enables us to show that in a division algebra which
is a crossed product with a ”difficult” (i.e. with few non-trivial homomorphic
images) Galois group, the primary componentsD(p) cannot be crossed products,
even when the Sylow group is cyclic of order p. In fact when the Sylow subgroup
is cyclic the assumptions on the Galois group are weaker than the assumptions
needed in the general case. So we separate the two cases.
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Theorem 1. Let p be an odd prime, and G a finite group whose p Sylow
subgroup is of order p but which does not have a normal subgroup of index p. If
D is a division algebra crossed product of a Galois extension K/k with Galois
group G and an appropriate factor set then the p primary component of D,
which is a division algebra of degree p central over k, is not cyclic.
A more general statement, applying to all odd Sylow subgroups, is true but
for a smaller category of groups.
Theorem 2 Suppose G is a finite group that has a non-commutative simple
subgroup of index ≤ 2 and D is a division algebra crossed product with Galois
extension K/k, Galois group G and suitable factor set. If p is an odd prime
such that vp(|G|) = a for some a ≥ 1, then the p primary component of D,
which is a division algebra of degree pa over k, is not a crossed product.
The case p = 2 in theorem 2 is left open for now.
Throughout this paper the expressions ”cocycle” and ”factor set” will both
be used for the same thing. Cocyles are for group extensions what factor sets
are for central simple algebra crossed products.
2 Relation modules
As noted in the introduction if F is a free group and
1→ R→ F → G→ 1
is a free presentation of the group G then Rab = R/[R,R] is a G module, which
is called the relation module. We are interested in the group F/R′ when G
is finite. Presentations are far from unique, of course, so every presentation
carries its own relation module, but they all have the same cohomology. In fact
applying Tietze transformations shows that all relation modules of a finite group
are stably isomorphic: if M,N are two relation modules for G there are finitely
generated free ZG modules E,F such that M ⊕ E and N ⊕ F are isomorphic.
Since free modules are cohomologically trivial we see that the Tate cohomology
of the relation module is uniquely determined. It is also easy to see now that,
unless F is cyclic, the action of G on the relation module is faithful. To show
that suppose 1 6= x ∈ G and let Cx be the cyclic subgroup generated by x. The
inverse image of Cx in F gives a presentation with kernel R and thus the relation
module is Rab. But as a relation module for Cx, i.e. as a ZCx module, it is a
direct sum of a trivial module, coming from the presentation Z→ Cx → 0, and
a positive number of free modules. And clearly x acts non-trivially on a free Cx
module. The fact that F/R′ is torsion free can also be proved at this point but
is given a somewhat different proof below.
A similar proof shows that if G is not cyclic then the center of F/R′ is trivial.
Indeed, let x, y be two elements in G such that the group they generate is not
cyclic. The invariants of Rab under the action of Cx are elements of the infinite
cyclic group generated by x in F/R′. These are not invariant under y, which
proves the claim.
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Let ∆(G) denote the augmentation ideal so that
0→ ∆(G)→ ZG→ Z→ 0
is an exact sequence of G lattices. If G can be generated by d > 1 elements we
can take F to be free of rank d. Then there is, less obviously, an exact sequence
of G modules
0→ Rab → ZG
⊕d → ∆(G)→ 0
where ZG⊕d denotes a free ZG module of rank d. See [5] Ch. 11.
With Hˆ( , ) denoting Tate cohomology, the first exact sequence implies
a natural isomorphism Hˆn(G,Z) ∼= Hˆn+1(G,∆(G)), while the second implies
an isomorphism Hˆn(G,∆(G)) ∼= Hˆn+1(G,Rab) which is also, but again less
obviously, natural. We only need the isomorphism
Hˆ2(G,Rab) ∼= Hˆ
0(G,Z) ∼= Z/|G|Z.
It is shown in [9] that the extension
α : 1→ Rab → F/R
′ → G→ 1,
derived from the given presentation, generates the cyclic group Hˆ2(G,Rab).
Indeed let β : 1→ Rab → E → G→ 1 be a generator of Hˆ
2(G,Rab). Using the
freeness of F one shows that there is a map f : F/R′ → E such that f∗(α) = β.
Thus the order of α is |G| and it is also a generator.
If H is a subgroup of G its inverse image, FH , in F is a presentation of it
with kernel R and, by the same token, Hˆ2(H,Rab) is cyclic of order |H | and
the extension 1 → Rab → FH/R
′ → H → 1 is a generator. This proves that
F/R′ is torsion free because if it had torsion then for some cyclic subgroup H
the extension would be split, which we know is not the case.
The group ring of F/R′, over a base field ℓ, contains the group ring of the
free Abelian group Rab. The action of G on Rab extends to an action on ℓRab
and on its field of fractions ℓ(Rab). Denote ℓ(Rab) by K and its fixed subfield
under the action of G, KG, by k.
It is easy to see, and proved in [9], that Rab is a direct summand (as ZG
modules) of K∗ and hence the inclusion ι : Rab →֒ K
∗ induces an injection on
the cohomology. It follows that the cohomology class ι∗(α) is of order n = |G|.
The crossed product of K/k and G with the cocycle defining α is therefore
a central simple algebra of degree n (i.e. dimension n2 over k) whose Brauer
class is of order n. Hence it is a division algebra. And it is obviously also the
”classical” division ring of fractions of the group ring ℓ[F/R′]. Note that our
knowledge that α is of order n implied that the group ring is a domain.
In fact if Γ is a virtually abelian torsion free group then ℓΓ is a domain
for every field ℓ. This is a non-trivial statement first proved in [3], for ℓ of
characteristic 0, and in general in [6]. The total classical ring of fractions exists
and is a division ring. If, moreover, Γ has a normal commutative subgroup of
finite index C such the action of Γ/C on C is faithful then the division ring
of fractions is the crossed product of the field ℓ(C) and Γ/C with the cocycle
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provided by the extension 1 → C → Γ → Γ/C → 1. As we knew that F/R′
is torsion free we see that the information that the order of the extension α is
n = |G| is actually redundant.
3 primary components of division algebras
Let D be a division algebra over the field k of degree n and suppose n = rs
where r, s are relatively prime and both greater than 1. If a, b are integers such
that ar+ bs = 1 modulo n, what can be said of Dar i.e. D⊗k · · ·⊗kD ar times?
Wedderburn’s theorem tells us that it is isomorphic to some Mν(D
′) with D′ a
division algebra over k. While D′ is uniquely determined there is little we can
say on ν . Similarly Dbs ≈ Mµ(D
′′). What are the degrees of D′, D′′? Since
ar = 1 modulo s and the Brauer class [D] = [Dar][Dbs] the best we can hope
for is s for Dar and r for Dbs. And indeed this is precisely the case; see, for
example, [11] ch. 5 where an elaborate proof using symmetrizers is worked out.
It follows from these considerations that if the division algebraD is a crossed
product of K/k with group G of order n = pe11 · · · p
ev
v , where pi are primes,
then there are division algebras over k, D(pi) of degree p
ei
i , i = 1, ..., v such
that D ≈ ⊗vi=1D(pi). Explicitly, let ni = n/p
ei
i and ai integers such that∑v
i=1 aini = 1. Then D(pi) is the division algebra component of D
aini . These
are the primary components of the division algebra.
Let Pi denote a Sylow pi subgroup of G. The cohomology class correspond-
ing to D(pi) being a power of the cohomology class corresponding to D, its
restriction to Pj is a power of that of D. If j 6= i then this restriction is zero as
the exponent aini is divisible by p
ej
j . On the other hand, as aini = 1 modulo
peii the restriction to Pi is the ”identity”, i.e. it is represented by the division
algebra crossed product of K/KPi with Galois group Pi and factor set which is
the restriction from G. In other words, the restriction of the p primary compo-
nent to the p Sylow subgroup is the same as the restriction from G to the Sylow
subgroup.
Much more can be proved when dealing with division algebras, and even
central simple algebras, that are total classical rings of fractions of ”prime”
group rings of virtually abelian groups. For our purpose the relevant groups
are groups that are sometimes called ”crystallographic”: extensions of a finite
group G by a torsion free ZG module M , fitting into an exact sequence
1→M → E → G→ 1
such that the action of G onM , by conjugation in E, is a faithful representation
of G. This is the same as saying thatM is a maximal abelian subgroup of E and
that E is prime in the sense that it has no non-trivial finite normal subgroup.
In this case the group ring, over an integral domain, is a prime ring and the
total classical ring of fractions of the group ring R := ℓE is a simple artinian
ring which is finite dimensional over its center, i.e. a central simple algebra.
Here ℓ is any field. The center, as before, is the fixed field under the action
of G on the field of fractions ℓ(M). Wedderburn’s theorem tells us that the
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total ring of fractions, denoted ℓ(E), is a matrix algebra Mν(D) where D is a
division algebra with center k = ℓ(M)G. The number ν is the ”Goldie rank” of
the group ring R. For example, if the extension splits, i.e. the cohomology class
associated to it is zero, then D = k and ℓ(E) ≈ Mn(k) where n = |G|. On the
other extreme if E is torsion free then, by the theorem of Farkas-Snider-Linnell
quoted above, ℓ(E) is a division ring and ν = 1.
In [10] it was shown that the Goldie rank is equal to another number asso-
ciated with the group ring R. If T is a finitely generated R module it is also
finitely generated over the subring ℓM , which is a commutative Laurent polyno-
mial ring. As polynomial rings are smooth T has a finite projective resolution,
i.e. an exact sequence of ℓM modules
0→ Qr → · · · → Q1 → Q0 → T → 0
in which the Qi are finitely generated projective ℓM modules. The rank of an
ℓM module Q is defined to be the dimension over the field of fractions ℓ(M) of
ℓ(M)⊗ℓM Q. The Euler characteristic of T , denoted χR(T ), is, by definition,
1
|G|
r∑
i=0
(−1)irankℓM (Qi).
It is independent of the resolution. And it turns out that it is independent of
the field ℓ. In fact it depends only on the group E and not on the extension, in
the sense that any subgroup M ′ of finite index of E such that ℓM ′ is equally
”smooth” would give the same result. It is shown in [10] that the Goldie rank
is equal to the smallest positive integer ρ such that ρ · χR(T ) is an integer for
all finitely generated R modules T .
It is easy to see that if H is a finite subgroup of E then
χR(ℓ[E/H ]) =
1
|H |
,
where ℓ[E/H ] denotes the permutation module on the cosets of H . (If H is an
infinite subgroup χR(ℓ[E/H ]) = 0.) Since the finite subgroups of E are just the
subgroups of G over which the extension splits the least common multiple of
orders of the finite subgroups divides ρ and in [10] it was conjectured that this
is an equality, i.e. that ρ is the least common multiple of the orders of finite
subgroups. This was proved by Moody [8] who proved the stronger result that
the permutation modules generate G0(R).
Moody’s result makes possible the evaluation of the degree of the division
algebra component of central simple algebras that are classical rings of fractions
of crystallographic group rings.
4 Proofs
This paper grew from the question ”If p is a prime, is the p primary component
of the generic crossed product division algebra, with Galois group the full sym-
metric group S(p), cyclic?” Theorem 1 is the negative answer.
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Proof: Let p be a prime ≥ 3 and G a group whose p Sylow subgroup is cyclic
of order p but it does not have a normal subgroup of index p. The symmetric
groups S(p) satisfy these assumptions, even S(3). Let D be a division algebra
which is a crossed product of a Galois extension K/k whose Galois group is G,
with an appropriate factor set.
The examples, in §2, for such crossed products are the rings of fractions of
group rings of torsion free groups E that are extensions
1→ A→ E → G→ 1
in which A is abelian and is faithful as a G module. The generic such extensions
are those that come from free presentations ofG, the module A being the relation
module associated with the presentation.
Let H be a p Sylow subgroup of G. By assumption it is cyclic of order p. Its
fixed field is KH and the crossed product of K/KH and H , the factor set being
the restriction to H of the factor set defining D, is a cyclic algebra of degree p
(over its center KH) within D. We denote it DH .
Since primary components are uniquely determined up to isomorphism we
will refer to them as known. So let D(p) be the p primary component of D
over k. It is a division algebra of degree p with center k such that the Brauer
class of D is the product of the Brauer class of D(p) and another class of order
prime to p. Being a crossed product the cohomology class representing [D] is
in H2(G,K∗). The Brauer class of D(p) is a power of that of D and as such
it is also in H2(G,K∗). Thus we can take its restriction to H2(H,K∗). What
we know is that this restriction to H , or equivalently [KH ⊗k D(p)], is equal to
[DH ].
We will show that this cannot hold if D(p) is a crossed product, i.e. cyclic in
this case. Suppose, by contradiction, that D(p) is a cyclic algebra. This means
that there is a cyclic extension of degree p, L/k, in D(p) which makes it into
a cyclic division algebra. Now K and L are two Galois extensions of k both
subfields of a given separable closure, ks, of k. If Y is a finite extension of k
contained in ks we denote the Galois group of ks/Y by GY . In this notation the
absolute Galois group of k is Gk, and it has two normal subgroups of finite index:
GK and GL with quotients identifiable, via the restriction of Galois action map,
with the Galois groups G(K/k), G(L/k) respectively. Now GL cannot contain
GK because if it did then G(K/k) would have a normal subgroup of index p,
which, by assumption, is not the case.
It follows that GKL, which is equal to GK ∩ GL, is a proper subgroup of GK .
In fact
(Gk : GK ∩ GL) = (Gk : GK) · (Gk : GL).
To prove that divide by GKL. The group Gk/GKL is the Galois group G(KL/k)
and it has 2 normal subgroups GK/GKL, identifiable as G(KL/K), and GL/GKL
identifiable as G(KL/L). The intersection, G(KL/K)∩G(KL/L) in G(KL/k)
is trivial and it follows that these subgroups commute elementwise, i.e. every
element in one commutes with every element in the other. Let π1 : G(KL/k)→
G(L/k) be the restriction map. It is surjective and its kernel is G(KL/L). The
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restriction of π1 to G(KL/K) is an injection to G(L/k) with a non-trivial image.
Since G(L/k) is of order p it is surjective and the restriction of π1 to G(KL/K)
is an isomorphism G(KL/K) ≈ G(L/k). Similarly, if π2 : G(KL/k)→ G(K/k)
is the restriction map it induces an isomorphism G(KL/L) ≈ G(K/k).
The map π : G(LK/k)→ G(L/k)×G(K/k) defined by π(x) = (π1(x), π2(x))
is obviously injective and as |G(KL/k)| = |G(K/k)| · |G(L/k)| it is an isomor-
phism. It identifies G(K/k)× 1 as the kernel of π1. The map induced by π1 in
cohomology is the inflation map
π1
∗ : H2(G(L/k), L∗)→ H2(G(KL/k), (KL)∗).
It is injective and its image is equal to the kernel of the restriction map
H2(G(KL/k), (KL)∗ → H2(G(K/k),K∗).
This is the well known inflation-restriction exact sequence, see [4] p.88.
Thus the restriction to G(K/k) of every element which is an inflation from
H2(G(L/k), L∗) is zero. In particular the same is true for restriction to H which
is a subgroup of G(K/k). It follows that if D(p) is cyclic it cannot restrict to
a non-trivial element in H2(H,K∗), as it must. This shows that D(p) is not a
cyclic algebra, proving theorem 1.
The proof of theorem 2 is similar. We use the notation of the theorem. Let
H be a p Sylow subgroup, DH the division subalgebra of D with center K
H
which is the crossed product of K/KH and H , with factor set the restriction
from G(K/k). As before D(p) will denote the p primary component of D.
If D(p) is a crossed product it has a maximal commutative subfield L, of
dimension pa = |H | over k, which is a Galois extension of k. As before if Y ⊂ ks
is a finite extension of k we denote the Galois group of ks/Y by GY . Then
GK ∩ GL = GKL.
The compositum KL is not equal to K because if it were then GK ⊂ GL which
implies thatG = G(K/k), which we identify with Gk/GK , has a normal subgroup
GL/GK . Our assumption was that the only non-trivial normal subgroup of G is
of index ≤ 2. The index of GL in Gk is the order of a Sylow p subgroup of G
which is certainly not 2. It follows that KL 6= K, as claimed.
Thus G(KL/k) contains two non-trivial normal subgroups, G(KL/K) and
G(KL/L) whose intersection is trivial, which implies that they commute el-
ementwise. If π1 : G(KL/k) → G(K/k) is the restriction map, with kernel
G(KL/K), and π2 : G(KL/k) → G(L/k) is the restriction map with kernel
G(KL/L), then the map
π : G(KL/k)→ G(K/k)×G(L/k), π(x) = (π1(x), π2(x)),
is injective.
We will prove that when p is odd π is an isomorphism. The restriction of π1
to G(KL/L) is injective since its intersection with the kernel of π1 is trivial. The
image of G(KL/L) in G(K/k) is a non-trivial normal subgroup and hence either
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the whole of G(K/k) or a subgroup of index 2. Suppose it is of index 2. The
equality |G(KL/K)| · |G(K/k)| = |G(KL/L)| · |G(L/k)| leads to the conclusion
that 2|G(KL/K)| = |G(L/k)|. But G(L/k) is a p group and p is odd, which is
impossible. Thus π1 induces an isomorphism of G(KL/L) to G(K/k).
It follows that the injection of G(KL/K) into G(L/k) by π2 is also an
isomorphism and that π is an isomophism when p is odd. As in the proof of
theorem 1 it follows that the restriction to H of the inflation of the cohomology
class defining D(p) must be zero, which is a contradiction, proving theorem 2
when p is odd.
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